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Abstract

In a deterministic sequence of simple undirected graphs whose vertices are colored by choosing a
color uniformly from ¢ colors, we provide limit theorems related to the distribution of the number of
triangles whose vertices share a specific color. In particular, we prove the Poisson approximation for this
distribution as ¢ — oo, as well as a central limit theorem. We also give applications of the theorems in

real life.
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1 Introduction

Given a deterministic sequence of simple undirected graphs {G, },en, we denote the set of vertices in G,
by V(G,) and the set of edges by E(G,). We then denote by T(G,) the set of triangles in G,,. There

%. We assume that

are c¢ colors, and the probability that a vertex is colored with any of these colors is
each vertex has degree at most D, a universal constant that does not depend on n. We study the number
of triangles with a specific color, say color red, in the graph G,. We denote this number by N(G,). If a
triangle is formed with vertices i, j, k, then we denote the triangle by (i, j, k). Let Y;, Y}, Ys be the colors of

the respective vertices. Therefore, we have

N(G,) = Z 1{Y; = Y; = Y}, = red}.
(i.5:k)ET(Gn)

The main results of this paper include a Poisson approximation of the number of triangles as ¢ — oo and
%C;")l 7, A, as well as a central limit theorem when ¢ — oo and @ P . In addition, we discuss
some real-life applications of the Poisson approximation, including generalizations of the well-known birthday

problem.

2 Literature Review

In this section, we discuss some seminal results in the limit theorems of the distribution of monochromatic
edges and monochromatic triangles. Bhattacharya, Diaconis, and Mukherjee (2017) study the distribution

of monochromatic edges in random graphs. Let

Ne(Gn)= > Y=Y}

(:,9)€E(Gyr)

be the number of monochromatic edges in G,,, they use the method of moments to show that as ¢ = ¢(n) — oo,

0 if 12l P, g

D
Ne(Gr) — Poisson(\) if w Py

i [EG] P

0} — 00



They also show that as ¢ = ¢(n) — oo and M — 00

N.(G,) — Gl
(Gn) e 2y N(0,1).
[1E(Gw)

They further investigate the limiting distribution of monochromatic edges when the number of colors is fixed

and |E(G,)| — oo. They show that

N.(G,) — G 1
(G) e By N(@0,1-2)
B(C)| ¢

if and only if G,, is asymptotic 4-cycle free (i.e., N(Gn,Cs) = o(|E(G,)|?)).

Generalizing the results of monochromatic edges to monochromatic triangles turned out to be more compu-

tationally involved. Let

TG = Y Y=Y, =Y
(1,5,k)ET(Gr)

be the number of monochromatic triangles in a deterministic graph G,,. Bhattacharya and Mukherjee (2017)

show that for a sequence of determistic graphs {G,, }nen, if

lim E(T3(Gn)) = |T(g”)‘ =2
and
lim Var(73(G,)) = %(1 - %)T(Gn) + 2(i3 - %)N(A%Gn) =,
n—00 C C C C
then

T3(Gr) EEN Poisson(\).

In one of the expressions above, N(A2, G,,) refers to the number of copies of the graph below in G,:



a graph of A?
Furthermore, let us define

T3(Gn) - \T(C;'n)\
JE(L = BTG + 25 — H)N(A2,Gr)

c c ct

Zg(Gn) =

Bhattacharya, Fang, and Yan (2021) show that

b(Gn) £
(IT(G)| + N(A2,Gn))2}( '

I

‘ 1+ N(AYGy)
j}éﬁ |P(Z3(Gn) < x) - @(3’,‘)‘ <K- {[(|T(Gn)| + N(AQ, Gn))2}

+

In the expression above, N(A* G,) is the number of copies of the graph below in G,

a graph of A

and

b(Gr) = Z (dijdjrdiidy; + dijdjidigdi; + dirdyjdjids),

where d;; is the number of triangles in G,, that uses (¢, j) as an edge and other terms are defined similarly.

K is a universal constant only depending on c.

A natural extension to the study of the distribution of monochromatic triangles is to analyze the limiting

distribution of triangles whose vertices are all colored with a specific color. In the first theorem of this paper,



we characterize the limiting distributions of N(G,,) as ¢ — oo, depending on the value of W We under-
take a similar approach as the one used to derive the convergence to Poisson in the case of monochromatic
edge, and then offer an alternative proof using Stein’s method. Although the method of moments works fine
in the case of monochromatic edges, the desired conclusion in the case of triangles of a specific color could be
proved more directly using some other inequalities that involve calculating the Wasserstein distance between

some random variables.

3 Main Results

Theorem 1: Given a deterministic sequence of simple undirected graphs {G, }nen, as ¢ = ¢(n) — oo, we
. P
0 lf ‘T(gn)‘ - 0
D
have N(Gr) = { Poisson()\) if ‘T(c% P

. P
00 if L(CGB")‘ — 00

Proof. Case 1: W 2 0.

Here notice

Then N(G,) 0.

P

Case 2: W(CL‘Q,)' — 00. We begin by noticing that there are three possible relationships between any two

triangles, as determined by the number of shared vertices:

no shared vertex 1 shared vertex 2 shared vertices
Relationship 1: (i1, j1, k1) and (ia, jo, ko) have no shared vertex (we denote such a pair as Ag), then

1
]E(l{}/h = )/tjl = Ykl = red} ' 1{3/12 = Y]é = Yk2 = red}) = 076



Relationship 2: if (i1,71,%1) and (i2, a2, k2) have 1 shared vertex (we denote such a pair as Aj), then

without loss of generality, say i1 = iy, we have

1
]E(l{}/il = }/}1 = Ykl = red} ’ 1{3/1'2 = Y}z = Yk2 = red}) = 675

Relationship 3: if (i1, 71, k1) and (42, jo, k2) have 2 shared vertices (we denote such a pair as Ay), then say

il = ig and jl = jQ, we have

1
E(l{YVil = Yj1 = Ykl = red} ’ 1{Yi2 = Y}z = Ykz = red}) = 674

Now, notice that for a triangle in G,,, there are at most w triangles that share one vertex with it,

and at most 3(D — 2) triangles that share one edge with it. Therefore, we have

TG = [T(Gr)| = HEHE - T(G)] = 3(D = 2) - TGy

c6

Then we have

and

E(N(Gn)?|Gn)
E(N(Gn)|Gn)?
‘T((gn)l + 2 . [3(D_2)(D_3) . |T(Gn)| + 3(D _ 2) . ‘T((in)l + ‘T(G")‘27‘T(Gn)‘7W'lT(Gn)lfiﬂD*Q)|T(Gn)|]

2 c® b

- IT(Gn)|?
c6

P
As W(C#)‘ — 00, we have

It follows that N(G,,) 2, .
Now we investigate the most interesting case.

Case 3: Z(Gnl z> A

c3



In this case, let M (G,,) = Z Z(ijk)> where Z; j 1y ~ Ber( 5). We first show that for any ¢ > 1, we
(1,9,k)ET(Gn)

have [E(N(Gn)!|Gn) — E(M(G)t|Gr)| 25 0

Since N(G,) = Z(m k)ET(Gn) 1{Y; = Y; =Y}, = red}, by multinomial expansion,

E(N(G)'G)= Y. Y .. Y E H1{Y,m—y;m= Yy, =red}).

(i3,91.k1) (i2,J2,k2)  (i¢,5¢.kt)
We also have

E(M(Gy = > D> > K H (i o) )

(i,91,k1) (42,72, kz) (it,gt,ke) M=

We start by considering the case where t = 1. Here we have

E(N(GIG) = Y EQY, =¥, = Vi, = 1) = 5 -[T(Go)l,

(i,71,k1)

and then

BMG)IG) = S E(Ziy jiy) = = - [T(Gr)] = E(N(G)|G),

(23,41,k1)
as desired.

Now we choose t triangles, and denote the resulting subgraph by H. We could without loss of generality
view H as a simple graph, because if a triangle (i, jm, km) is chosen more than once, its contribution to

the two expressions below is equivalent to only being chosen once. Then we have

t
1
E( H Wy, =Y, =Y, =red}) = AV

m=1
and

t

1
H (em>Jm s m) c3t :

Notice |V(H)| < 3t and |V(H)| = 3t if and only if none of the triangles share any vertex.



Therefore,

1 1
VA~ )

[E(N(Gn)|Gn) = E(M(Gn)'|Gu)l S0 D N(H,Gh) - (
HeH,
where Hy is the set of subgraphs of G,, with at most ¢ triangles, and N(H, G,,) is the number of copies of H
in G,.

Let us denote the number of triangle-connected components of the graph H by Te¢(H). For a given triangle,
triangles in the same triangle-connected component as itself is the largest set of triangles in G,, such that
the graph formed by them together with the given triangle (denoted G) satisfies V(G) = T(G) + 2. For
example, the graph below has one connected component but three triangle-connected components. In this

graph, there are two red triangles.

Notice that N(H,G,,) <p |T(G,)|"¢") because within each triangle-connected component, once we fix one
triangle, the total number of ways of choosing triangles in that triangle-connected component is merely a

function of D.

|Tc(H).( 1 1

We now consider the expression |T'(G},) “waT — gt ). Since each triangle-connected component must

have at least one triangle and thus three vertices, 3Tc(H) < |V (H)].

If any of the triangles exhibit relationship 2 or 3 as described above, we have 3T¢(H) < |V(H)|. Then
3Tc(H) = |V(H)| if and only if all ¢ triangles have relationship as in case 1.

Therefore, if all ¢ triangles have relationship 1, then |V(H)| = 3¢, and so m — 1 = 0, which means

lT(G’;gLTC(H) . (CW(I})‘?M —1) = 0. If any pair of triangles has relationship 2 or 3, then 3Tc(H) < |V (H)| < 3t,

Tec(H)
and we conclude that | |T(G"C';)3L . (Clv(}})‘,& —1)] 2. 0. Then

E(N(Gn)!|Gn) — E(M(Gy)|Ga)| 2> 0,

10



as desired.

It is clear that M(Gy) EEN Poisson(\) as ¢ — oo. Now we introduce a lemma that would enable us to use

the method of moments to arrive at the desired conclusion.

Lemma 1: (Bhattacharya, Diaconis, and Mukherjee (2017)) Take a sequence of probability spaces (,,, Fp, P )
together with a sequence G,, C F,, and a sequence of random variables (X,,,Y;,) on that sequence of proba-

bility spaces. If for all k£ > 0,

limsup P(|[E(N(G)¥|G,) — E(M(G,)*|G,)| > €) =0,

n—oo

and there exists a m > 0 such that

k
lim sup limsup[P’(\%E(M(Gn)k\Gn)\ >e) =0,

k—oo n—oo

then for any ¢ € R, we have
E(en) — E(ef) — 0.

Now we check the property mentioned in the lemma above. We want to show that for any € > 0 and ¢t € R,

we have

k
lim sup lim sup P( LE(M(Gn)k|Gn)| >¢e)=0.

k—oo n—oo k!

To see this, notice that

k k |
o -3y ()

where

ol mi0<—1>"L(;) (= m)*

t

k
k _
is the Stirling number of the second kind. Since Z—k, Z - A* converges to 0 almost surely as k — oo, the
i=0 |t

11



desired conclusion follows from the fact that

k
lim sup lim sup P( t—E(M(Gn)ﬂGn)\ >¢)

k—oo n—oo k!

1 ot*
< limsuplimsup - - —E(MF|G,,)
5

k— o0 n—o0 k!
by Markov’s inequality. [ ]

IT(Gn)l
3

Alternatively, the case where P, X could be proved using the method of dependency graphs.

Definition 1: Given {X;|i € V} as a collection of random variables, G = (V, E) is called a dependency
graph for {X;|i € V} if for any two subsets of vertices S1,S2 C V such that there exists no edge from any

vertex in Sy to any vertex in Sa, the collections {X;|i € S1} and {X;|i € S2} are independent.

Now, given a graph G,, we label its triangles as 1,2,...,|T(G},)|, with the associated vertices of the ‘"

triangle being v;, , vi,, vi,, and then define

X =UlY;, =Y, =Y, =red}.

Let us associate each triangle in G,, with a vertex, and two vertices are connected by an edge if and only if
their respective associated triangles share at least one vertex. It is easy to verify that the resulting graph

G is a dependency graph.

Definition 2: Given two probability measures p and v, the total variation distance between them is

TV (p,v) := sup ln(A) —v(A)],

where () is a measurable space.

Lemma 2: (Chatterjee, Diaconis, and Meckes (2005)) Given a dependency graph G4 = (V(Gq), E(Gy)), for
a vertex 1 € V(Gyq), Let N; :={j € V(Gq)|(3,7) € E(Gq)} U{i}. Then

. . 1
TV(N(G,) — Poisson(A)) < min{1, X} . ( Z | Z | pij + | Z Z PiD;i),
1€V (Gq) jeN; \{i} i€V (Gq) JEN;
where p; = P(X; = 1), and p;; = P(X; = 1, X; = 1). In this case, p; = C% for all i € V(Gq), pi; = C% if the
triangles associated with vertices i and j are in relationship 2, and C% if the triangles are in relationship 3.

(D=2)

As discussed above, if we take a triangle in G,,, there are at most %(D_?’) triangles that share one vertex

12



with it, and at most 3(D — 2) triangles that share one edge with it. Therefore, we have

> X MJégu)_?uy_aoW«%|+aD—2yV”G”ﬂ

cd ct
i€V (Ga) JEN\{i}
and
3(D—-2)(D -3 TG
> iy < CETEPEI gy G
i€V (Gq) JEN:
Then

TV (N(G,) — Poisson())) < min{1, %} -( Z Z Dij + Z Z pipj)

i€V (Gq) jEN;\{i} i€V (Gq) JEN;:

TGl 3D =2)(D—3)

3(D—-2)(D-3) |T(Gn) (
ct 2

< - 3(D—2)-
<22 Sl 43D -2)

T(Gn)|
s

+3(D—2))-

Notice that as w&#‘)l P xand ¢ — 00, we have

and

So we have
TV (N(G,) — Poisson(\)) 2> 0.

This implies the weak convergence of N(G,,) to Poisson(\).

Example 1: Generalized Birthday Problems in the US Population

The classic birthday problem is the following: In a group of n people, what is the probability that some of

them share the same birthday? The classic result shows that in a group of 23 people, there is about a 50%

chance that at least two of them would share the same birthday.

There has been many generalizations of this problem. Bhattacharya et al. (2016) consider the following

13



generalization: What is the probability that two people in the US who know each other have the same
birthday, their fathers have the same birthday, their grandfathers have the same birthday, and their great-
grandfathers have the same birthday? Using the Poisson approximation for monochromatic edges while

modeling people in the US with an Erdos-Renyi graph, they find that the chance is about 99.8%.

Now we give another generalization of the birthday problem that could be analyzed with the Poisson ap-
proximation for triangles with a specific color. Let us consider the following question: What is the chance
that there are three people in the US who would meet each other in their lives and are all born on January

15¢, 2000 (i.e., the first day of the 215 century)?

We could approximate this probability with Theorem 1. There are currently about 330 million people in
the US, and according to a popular estimate, a person typically would meet 80,000 people in his/her life.

Therefore, when we model the scenario with an Erdés-Renyi graph, we have

80000
P = 330106

and

E(TG) = Y E[{(i.4.k) € T(G))] = ( .

330 - 106) 80000
Y;,Y;, Y, eV (Gn)

3 <330 - 108

There are ¢ = 80 - 365 “colors,” and

220.106
L E(TGD _ (M) (e o

= ~ 3.427.
c3 (80 - 365)3

Then

P(N(G,) > 0) = 1 — e 347 ~ 96.75%.

Therefore, this seemingly exotic event is almost surely bound to take place.
Example 2: Coincidences in Horoscopes

Let us consider another problem. Horoscopes are charts used in classic Western astrology constructed using
the time and location of one’s birth. They contain information such as the positions of the Sun, the Moon,
as well as other planets when the person is born. There are twelve signs and twelve houses involved. The

twelve signs are Aries, Taurus, Gemini, Cancer, Leo, Virgo, Libra, Scorpio, Sagittarius, Capricorn, Aquarius,

14



and Pisces. The twelve houses are of self, value, sharing, home, pleasure, health, balance, transformation,

purpose, enterprise, blessings, and sacrifice respectively.

In astrological theory, the Sun is the most important influence in a horoscope, and it determines one’s
personality; the Moon is the second most important, and it manifests one’s emotions. There are (122)-(122) =
20736 different Sun-Moon combinations considering the respective houses. Below is a picture of a horoscope
for a person who is born on January 1%, 2000 at 12:00:01 am in New York. This hypothetical person would

have the Sun in Capricorn and in the third house, and the Moon in the Scorpio and in the second house.

Source: Wikipedia

We now consider the following question: What is the probability that there are three people in New York
city who would meet each other in their lives, and share the same Sun-Moon combination in their horoscopes

as the person described above?

Here p and E(|T'(G,,)|) are same as above, while ¢ = 20736 and

_E(TG))) _ (%) - (5085

A =
3 (20736)3

~ 9.57.

As a result,

P(N(Gp) >0)~1—e 97~ 1.

Therefore, if every New Yorker is keen on visiting astrologists, then the event that three of them who would

15



meet each other in their lives and be deemed as having almost identical personalities and emotional states

as the person born on the first second of the new century is also almost bound to take place.

The two examples above could be viewed as applications of the law of truly large numbers described by
Diaconis and Mosteller (1989), which says that almost any outrageous and exotic event is bound to occur

when the interactions among an enormous number of people accumulate over time.

Now we give the second main theorem of the paper.
Theorem 2: As ¢ = ¢(n) — oo and W — 00, we have % 2, N(0,1).

3
Proof. We prove this result using the method of dependency graphs. Firstly, we construct the dependency
graph in the same way as described in the alternative proof of theorem 1, while modifying the definition
of X; into X; := Y, =Y, =Y, =red — C%} Now we introduce another distance between probability
measures.

Definition 3: The Wasserstein distance between two probability measures u and v on R is

Wass(u, v) := sup{| /fd,u — /fdv| | f is 1-Lipschitz}.

We now give an important lemma for the proof of Theorem 2.

Lemma 3: (Chatterjee 2007) Given a dependency graph Gy = (V(Gq), E(Gy)), if E(X;) = 0,W =
2 X ,and Z ~ N(0,1), then we have

\/ Var(3}, X;)
Wass(W, Z) < 1 . D3ZE|X-|4+L-Z]E|X-|3
S rovay g\ 4 (Var(, £)F 4

K2

where D =1+ max deg(v).
UEV(Gd)

As mentioned above, given a triangle in G,,, there are at most % triangles that share one vertex with
it, and at most 3(D — 2) triangles that share one edge with it. So we have

3(D — 2)(D — 3)

D<1+ +3(D - 2) < .

16



Now, notice

% 1
Var(3_Xi) = Var( 37 {1{Yi=Yj = Vi =red} - 5}
i (i,5,k) €T (Gn)

=Var( Y = Y=Y, =Y, =red})
(i,3,k) ET(Gn)

= Var(N(G,)).
We have
E(N(Gn)2|G) = \T(Cng)\ Lo [N(A(?G,Gn) N(A(;,Gn) N(A;,Gn)}
and

T(Go) P

E(N(Gn)‘Gn)Q = 6

Then Here N(Ag,G,) is the number of unordered pairs of triangles in relationship 1, and N(A1,G,) and

N(A2,Gy) are defined similarly. Then

Var(N(Gn)) = E(N(Gn)?|Gn) — E(N(Gr)|Gn)?

TG, N(Do,Gr)  N(ALLG,)  N(Da,Gr). TG
_ITGl . NB0,G) | N(81,G) | N(b2,Gu)) 176
c c c c c
T(Gy) 1
= c3 (1_073)'
Moreover, as ¢ — oo and ‘T(C#)‘ — 00, we have
~ 1 1 1 1 TG,
SRR =@ (1 )t g )t ) <2 TG
i€{1,..,|T(Gn)]}
and
. 1, 1 1 1 IT(G)|
3 _ 3 3
Z E[X;| —|T(Gn)|'[(1—;3) '54'(0*3) '(1—0*3)]<2' 3

i€{1,...,|T(Gn)|}

17



Plugging these results into the original expression, we have

4 _ . D2
Wass(W, Z) < — . D3y EX;P —————
2 v Var(y o Xi) Z - " Var(s, %)

< 3 \T(Gni S \/(1 L3P 2;(D -3) +3(D—2))3.2. T(Gn)l
(Lt O30 4 3(D ~2)) | [T(Gy)
(lT(CC;n)l (11— c%))% 3

1T(Gn)1 — -
E ﬁ-(f—;> Vi 2R iy

TGl (Hw%@_g)y,}o
[T(Gu)\ 2 _ 1) -
(73)2 (1 c3)2

C

(MY
- M
=
<
o

+2

Lemma 4 (Villani (2009)) addresses the following property:

Given a Polish space (X,d), if (ur) is a sequence of measures in P(X) and p is another measure, then the

following two statements are equivalent:
(i) Wass(pg, ) = 0
(ii) pr converges weakly to p in P(X).

Under this lemma, we immediately have that
Wass(W, Z) 0
implies
w2 N(0,1).

Now, if we define

We have

W= W = (N(Gn) - ‘T(g"”),( A ALG A : 1 )
\/|T<gn>| +2. [N20Gn) | N(A1Ga) | N(A2Ga)y _ [T(Gr) \/W

C

18



Then

W= < (V(Go) - a )l ICAT (133)_\/T(f§"))
e (———— —1) D0
-
and
T(Gn)l

1 1

'( 3 - )
— — 3(D=2)(D=3) —92). Gn

\/|T<gn>| . [BR=RD=Y) TGl | g(p _g). TG _ IT(Ca)lt XEHEIT(Ga) +3(D-2)IT(Gu)l \/M

(&)

~ 1
=W 3(D—2)(D—3) , 3(D—2) 143P2=2P=3) 3(p_9)
\/1 + c2 + - :

c c3

N )

(Gn)]

From these two inequalities above, it is clear that as ¢ — oo and ‘TT — 00, we have W — W .

Therefore, we conclude that

4 Conclusion

In this paper, we gave two main results on the limiting distribution of the number of triangles with a specific

(Gn)l

color when the degree of each vertex is bounded. The first is that as ¢ — oo and ‘TT r, A, we have

N(Gr) EEN Poisson(A). The second is a Central Limit Theorem for N(G),) when ¢ — oo and w 2 .

Future works might want to consider the Central Limit Theorem when the number of colors is fixed, which
could be viewed as a variation of the Central Limit Theorem proved by Bhattacharya, Fang, and Yan (2021).
It might also be interesting to consider the limiting distribution when the bounded degree assumption is
relaxed. Finally, another direction might be to study the limiting distribution of other geometric structures

(e.g., quadrilaterals and hexagons).
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